In rock mechanics, the study of shear strength on the structural surface is crucial to evaluating the stability of engineering rock mass. In order to determine the shear strength, a key parameter is the joint roughness coefficient (JRC). To express and analyze JRC values, Ye et al. have proposed JRC neutrosophic numbers (JRC-NNs) and fitting functions of JRC-NNs, which are obtained by the classical statistics and curve fitting in the current method. Although the JRC-NNs and JRC-NN functions contain much more information (partial determinate and partial indeterminate information) than the crisp JRC values and functions in classical methods, the JRC functions and the JRC-NN functions may also lose some useful information in the fitting process and result in the function distortion of JRC values. Sometimes, some complex fitting functions may also result in the difficulty of their expressions and analyses in actual applications. To solve these issues, we can combine the neutrosophic numbers with neutrosophic statistics to realize the neutrosophic statistical analysis of JRC-NNs for easily analyzing the characteristics (scale effect and anisotropy) of JRC values. In this study, by means of the neutrosophic average values and standard deviations of JRC-NNs, rather than fitting functions, we directly analyze the scale effect and anisotropy characteristics of JRC values based on an actual case. The analysis results of the case demonstrate the feasibility and effectiveness of the proposed neutrosophic statistical analysis of JRC-NNs and can overcome the insufficiencies of the classical statistics and fitting functions. The main advantages of this study are that the proposed neutrosophic statistical analysis method not only avoids information loss but also shows its simplicity and effectiveness in the characteristic analysis of JRC.
Introduction
The engineering experience shows that rock mass may deform and destroy along the weak structural surfaces. The study of shear strength on the structural surface is crucial to evaluate the stability of engineering rock mass. In order to determine the shear strength in rock mechanics, a key parameter is the joint roughness coefficient (JRC). Since Barton [1] firstly defined the concept of JRC, a lot of methods had been proposed to calculate the JRC value and analyze its anisotropy and scale effect characteristics. Tse et al. [2] gave the linear regression relationship between the JRC value and the root mean square (Z2). Then, Zhang et al. [3] improved the root mean square (Z2) by considering the inclination angle, amplitude of asperities, and their directions, and then introduced a new roughness index (λ) by using the modified root mean square (Z2') to calculate JRC values. To quantify the anisotropic roughness of joint surfaces effectively, a variogram function and a new index were proposed by Chen et al. [4] based on the digital image processing technique, and then they also studied the scale effect by calculating the JRC values of different sample lengths [5] . However, all of these traditional methods do not consider the uncertainties of JRC values in real rock engineering practice.
Recently, Ye et al. [6] not only utilized the crisp average value to express JRC by using traditional statistical methods, but also considered its interval range (indeterminate range) to express the indeterminate information of JRC by means of the neutrosophic function/interval function. They [6] firstly applied the neutrosophic function to calculate JRC values and shear strength, and got the relations between the sampling length and the maximum JRC values and between the sampling length and the minimum JRC values, and then established the neutrosophic functions (thick/interval functions) of JRC and shear strength. However, these thick/interval functions cannot express such an indeterminate function containing the parameters of neutrosophic numbers (NNs) (i.e., indeterminate parameters), where NN is composed of its determinate part a and its indeterminate part bI with indeterminacy I and as denoted by z = a + bI for a, b  R (R is all real numbers) [7] [8] [9] . Obviously, NN is a very useful mathematical tool for the expression of the partial determinate and/or partial indeterminate information in engineering problems. After that, Ye et al. [10] further proposed two NN functions to express the anisotropic ellipse and logarithmic equations of JRC values corresponding to an actual case and to analyze the anisotropy and scale effect of JRC values by the derivative of the two NN functions, and then they further presented a NN function with two-variables so as to express the indeterminate information of JRC values comprehensively in the sample sizes and measurement orientations, and then they analyzed both the anisotropy and scale effect of JRC values simultaneously by the partial derivative of the NN function with two-variables. However, all of these NN functions are obtained by fitting curves of the measured values, where they may still lose some useful information between 3% and 16% in the fitting process and lack a higher fitting accuracy although the fitting degrees of these functions lie in the interval [84%, 97%] in actual applications [10] . Sometimes, some complex fitting functions may also result in the difficulty of their expressions and analyses in actual applications [10] . To overcome these insufficiencies, it is necessary to improve the expression and analysis methods for the JRC values by some new statistical method so that we can retain more vague, incomplete, imprecise, and indeterminate information in the expression and analysis of JRC and avoid the information loss and distortion phenomenon of JRC values. Thus, the neutrosophic interval statistical number (NISN) presented by Ye et al. [11] is composed of both NN and interval probability, and then it only expresses the JRC value with indeterminate information, but they lack the characteristic analysis of JRC values in [11] .
However, determinate and/or indeterminacy information is often presented in the real world. Hence, the NNs introduced by Smarandache [7] [8] [9] are very suitable for describing determinate and indeterminate information. Then, the neutrosophic statistics presented in [9] is different from classical statistics. The former can deal with indeterminate statistical problems, while the latter cannot do them and can only obtain the crisp values. As mentioned above, since there exist some insufficiencies in the existing analysis methods of JRC, we need a new method to overcome the insufficiencies. For this purpose, we originally propose a neutrosophic statistical method of JRC-NNs to indirectly analyze the scale effect and anisotropy of JRC values by means of the neutrosophic average values and standard deviations of JRC-NNs (JRC values), respectively, to overcome the insufficiencies of existing analysis methods. The main advantages of this study are that the proposed neutrosophic statistical analysis method not only avoid information loss, but also show its simplicity and effectiveness in the characteristic analysis of JRC values.
The rest of this paper is organized as follows. Section 2 introduces some basic concepts of NNs and gives the neutrosophic statistical algorithm to calculate the neutrosophic average value and standard deviation of NNs. Section 3 introduces the source of the JRC data and JRC-NNs in an actual case, where the JRC-NNs of 24 measurement orientations in each sample length and 10 sample lengths in each measurement orientation will be used for neutrosophic statistical analysis of JRC-NNs in the actual case study. In Section 4, the neutrosophic average values and standard deviations of the 24 JRC-NNs of different measurement orientations in each sample length are given based on the proposed neutrosophic statistical algorithm and are used for the scale effect analysis of JRC values. In Section 5, the neutrosophic average values and standard deviations of the 10 JRC-NNs of different sample lengths in each measurement orientations are given based on the proposed neutrosophic statistical algorithm and used for the anisotropic analysis of JRC values. Finally, concluding remarks are given in Section 6.
Basic Concepts and Neutrosophic Statistical Algorithm of NNs
NNs and neutrosophic statistics are firstly proposed by Smarandache [7] [8] [9] . This section will introduce some basic concepts of NNs and give the neutrosophic statistical algorithm of NNs to calculate the neutrosophic average value and the standard deviation of NNs for the neutrosophic statistical analysis of JRC-NNs in the following study.
A Assume that four NNs are z1 = 1 + 2I, z2 = 2 + 3I, z3 = 3 + 4I, and z4 = 4 + 5I for I  [0, 0.2], then the average value of these four neutrosophic numbers can be obtained by the following calculational steps:
Firstly, the average value of the four determinate parts is obtained by the following calculation:
Secondly, the average value of the four coefficients in the indeterminate parts is yielded by the following calculation:
Finally, the neutrosophic average value of the four NNs is given as follows:
This neutrosophic average value is also called the average NN [9] , which still includes its determinate and indeterminate information rather than a crisp value.
However, it is difficult to use the Smarandache's neutrosophic statistics for engineering applications. Thus, Ye et al. [12] presented some new operations of NNs to make them suitable for engineering applications.
Let two NNs be z1 = a1 + b1I and z2 = a2 + b2I for I  [I L , I U ]. Then, Ye et al. [12] proposed their basic operations: 
Then, these basic operations are different from the ones introduced in [9] , and this makes them suitable for engineering applications.
Based on Equation (1), we can give the neutrosophic statistical algorithm of the neutrosophic average value and standard deviation of NNs.
, then their neutrosophic average value and standard deviation can be calculated by the following neutrosophic statistical algorithm:
Step 1: Calculate the neutrosophic average value of ai (i = 1, 2,…, n):
Step 2: Calculate the average value of bi (i = 1, 2,…, n):
Step 3: Obtain the neutrosophic average value:
Step 4: Get the differences between zi (i = 1, 2,…, n) and z :
Step 5: Calculate the square of all the differences between zi Step 6: Calculate the neutrosophic standard deviation:
In the following sections, we shall apply the proposed neutrosophic statistical algorithm of NNs to the characteristic analysis of JRC data.
JRC Values and JRC-NNs in an Actual Case
As an actual case study in this paper, the original roughness profiles were measured by using profilograph and a roughness ruler [13] on a natural rock joint surface in Changshan County of Zhejiang Province, China. In the actual case, based on a classical statistical method we have obtained the average values μij and standard deviations σij (i = 1, 2,…, 24; j = 1, 2,…, 10) of actually measured data in different sample lengths and different measurement orientations, which are shown in Table 1 .
Then, we can use NNs zij = aij + bijI (i = 1, 2,…, 24; j = 1, 2,…, 10) to express the JRC values in each orientation θ and in each sample length L. Various NNs of the JRC values are indicated by the real numbers of aij and bij in zij (i = 1, 2,…, 24; j = 1, 2,…, 10). For convenient neutrosophic statistical analysis, the indeterminacy I is specified as the unified form I  [0, 1] in all the JRC-NNs. Thus, there is zij = aij + bijI = μij − σij + 2 σijI (i = 1, 2,…, 24; j = 1, 2,…, 10), where aij = μij − σij is the lower bound of the JRC value and zij may choose a robust range/confidence interval [μij − σij, μij + σij] for the symmetry about the average value μij (see the references [10, 11] in detail), and then based on μij and σij in Table 1 aij and bij in zij (i = 1, 2,…, 24; j =1, 2,…, 10) are shown in Table 2 . For example, when θ = 0° and L = 10 cm for i = 1 and j = 1, we can obtain from Table 2 that the JRC-NN is z11 = 8.3040 + 4.4771I
According to the measurement orientation θ and the sample length L in Table 2 , the data in the same column consists of a group of the data in each sample length L, and then there are 10 groups in the JRC-NNs. On the other hand, the data in each row are composed of a group of the data in each measurement orientation θ, and then there are 24 groups in the JRC-NNs. In the following, we shall give the neutrosophic statistical analysis of the JRC-NNs based on the proposed neutrosophic statistical algorithm to reflect their scale effect and anisotropy in the actual case. 
Scale Effect Analysis in Different Sample Lengths Based on the Neutrosophic Statistical Algorithm
In this section, we give the neutrosophic statistical analysis of JRC-NNs of each column in Table  2 based on the neutrosophic statistical algorithm to reflect the scale effect of JRC-NNs in different sample lengths.
In the neutrosophic statistical analysis of JRC-NNs, we need to calculate the neutrosophic average value and the standard deviation of each group of JRC-NNs in each column by using Equations (2)-(7). To show their calculational procedures in detail, we give the following example.
For example, the neutrosophic average value and standard deviation of the JRC-NNs in L = 10 cm is calculated. Then, we give the following calculational steps based on the neutrosophic statistical algorithm.
Step 1: By Equation (2), calculate the average value of the determinate parts ai1 (i = 1, 2,…, 24) in the JRC-NNs corresponding to the first column as follows: Step 4: By Equation (5), calculate the differences between zi1 (i = 1, 2,…, 24) and 1 z : 
Step 5: By Equation (6), calculate the square of all the differences: 

Step 6: By Equation (7), calculate the neutrosophic standard deviation: 
Thus, the neutrosophic average value and the standard deviation of the JRC-NNs in the first column are obtained by the above calculational steps. By the similar calculational steps, the neutrosophic average values and standard deviations of JRC-NNs in other columns can be also obtained and all of the results are shown in Table 3 . Then, the neutrosophic average values and standard deviations of JRC-NNs in different sample lengths are depicted in Figures 1 and 2 . It is obvious that they can reflect the scale effect in different lengths. In other words, the larger the length L is, the smaller the average value (range) of JRC-NNs is. Thus, the scale effect in different lengths is consistent with that of the literature [10] .
In Figure 2 , we can see that the neutrosophic standard deviations of JRC-NNs decrease with the sample length increases. Since the standard deviation is used to indicate the dispersion degree of data, the neutrosophic standard deviation in some length L means the dispersion degree of the JRC-NNs. The larger the standard deviation is, the more discrete the JRC-NNs is. Under some sample lengths, its standard deviation means the dispersion degree of the JRC-NNs in different orientations. The larger the neutrosophic standard deviation is, the more obvious the anisotropy of the JRC-NNs under this length is. Hence, the neutrosophic standard deviations of JRC-NNs can also indicate the scale effect of the anisotropy of JRC-NNs. What's more, when the sample length is large enough, the anisotropy of the JRC values may decrease to some stable tendency. This situation is consistent with the tendency in [10] .
Obviously, both neutrosophic average values and neutrosophic standard deviations of JRC-NNs can reflect the scale effect of JRC-NNs. Then, the neutrosophic average values reflect the scale effect of JRC values, while the neutrosophic standard deviations reflect the scale effect of the anisotropy of JRC values.
Anisotropic Analysis in Different Measurement Orientations Based on the Neutrosophic Statistical Algorithm
In this section, we give the neutrosophic statistical analysis of JRC-NNs of each row in Table 2 based on the neutrosophic statistical algorithm to reflect the anisotropy of JRC-NNs in different measurement orientations.
To indicate the neutrosophic statistical process, we take the orientation of θ = 0° for i = 1 as an example to show the detailed calculational steps of the neutrosophic average value and the standard deviation of the JRC-NNs in the orientation based on the neutrosophic statistical algorithm.
Step 1: By Equation (2), calculate the average value of the determinate parts a1j (j = 1, 2,…, 10) of the JRC-NNs in the first row (i = 1) as follows: Step 4: By Equation (5), calculate the differences between z1j (j = 1, 2,…, 10) and 1 z : 
Step 5: By Equation (6), calculate the square of these differences: 

Step 6: By Equation (7), calculate the neutrosophic standard deviation: In Figure 4 , the neutrosophic standard deviations indicate the dispersion degrees of JRC-NNs under different sample lengths in some orientation. The larger the neutrosophic standard deviation is, the more discrete the JRC-NNs is. This case indicates that the scale effect of JRC-NNs is more obvious in the orientation. Although the changing curves in Figure 4 are irregular, it is clear that the dispersion degree of each orientation is very different. For example, the neutrosophic standard deviation of θ = 270° is obviously smaller than that of other orientations. Especially, if the JRC-NNs of all rows have the same neutrosophic standard deviations in such a special case, then the two curve area in Figure 4 will be reduced to the area between two parallel lines without the anisotropy in each sample scale. From the above analysis, it is obvious that the neutrosophic average values and standard deviations of JRC-NNs (JRC values) also imply the anisotropy in different orientations. Thus, the neutrosophic average values reflect the anisotropy of JRC values, while the neutrosophic standard deviations reflect the anisotropy of the scale effect. Obviously, this neutrosophic statistical analysis method is more detailed and more effective than existing methods and avoids the difficulty of the curve fitting and analysis in some complex cases.
Conclusion Remarks
According to the JRC data obtained in an actual case and the expressions and operations of JRC-NNs, we provided a new neutrosophic statistical analysis method based on the neutrosophic statistical algorithm of the neutrosophic average values and the standard deviations of JRC-NNs in different columns (different sample lengths) and different rows (different measurement orientations). It is obvious that the two characteristic analyses (scale effect and anisotropy) of JRC values were indicated in this study. For the first characteristic, we analyzed the scale effect of JRC-NNs in different sample lengths, where the neutrosophic average values reflect the scale effect of JRC-NNs, while the neutrosophic standard deviations reflect the scale effect of the anisotropy of JRC-NNs. For the second characteristic, we analyzed the anisotropy of JRC values in different measurement orientations, where the neutrosophic average values reflect the anisotropy of JRC-NNs, while the neutrosophic standard deviations reflect the anisotropy of the scale effect. Therefore, the neutrosophic statistical analysis of the actual case demonstrates that the neutrosophic average values and neutrosophic standard deviations of JRC-NNs can reflect the scale effect and anisotropic characteristics of JRC values reasonably and effectively.
However, the obtained analysis results and the performance benefits of the presented neutrosophic statistical algorithm in this study are summarized as follows:
(1) The neutrosophic statistical analysis method without fitting functions is more feasible and more reasonable than the existing method [10] . From what has been discussed above, the proposed neutrosophic statistical analysis method of JRC-NNs provides a more convenient and feasible new way for the scale effect and anisotropic characteristic analysis of JRC values in rock mechanics. Acknowledgment: This paper was supported by the National Natural Science Foundation of China (Nos. 71471172, 41427802).
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